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Summary. We consider the likelihood ratio test (LRT) process related to the test of the ab-
sence of QTL on the interval [0, T ] representing a chromosome (a QTL denotes a quantitative
trait locus, i.e. a gene with quantitative effect on a trait). We give the asymptotic distribution of
this LRT process under the null hypothesis that there is no QTL on [0, T ] and under the general
alternative that there exist m QTL on [0, T ]. We propose to estimate the number of QTL, their
positions and their effects by penalized likelihood. Our results are extended to the case where
individuals are structured into families.
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2. Model
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3. Only 2 genetic markers
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	  0  T + 0 = t1 <
t2 = T  - *
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	
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∣∣X(t1) = 1, X(t2) = 1} = (1/2) P {N(t)−N(t1) }P {N(t2)−N(t) }(1/2) P {N(t2)−N(t1) }
/	   
 ∀t ∈]t1, t2[ +
p(t) = Q1,1t 1X(t1)=11X(t2)=1 + Q
1,−1
t 1X(t1)=11X(t2)=−1





r¯(t1, t) r¯(t, t2)
r¯(t1, t2)
, Q1,−1t =
r¯(t1, t) r(t, t2)
r(t1, t2)
Q−1,1t =
r(t1, t) r¯(t, t2)
r(t1, t2)
, Q−1,−1t =
r(t1, t) r(t, t2)
r¯(t1, t2)
   $    +
Q−1,−1t = 1−Q1,1t  Q−1,1t = 1−Q1,−1t
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√
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   q = a/
√
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3.1. Results
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• 	 H0 m(t) = 0
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∀t ∈ [t1, t2] 






 ∀t ∈]t1, t2[ α(t) = Q1,1t +Q1,−1t − 1 β(t) = Q1,1t −Q1,−1t  α(t1) = 1 β(t1) = 0
α(t2) = 0 β(t2) = 1  {Z(t1), Z(t2)} = e−2t2  
!  
  ∀(t, t) ∈ [t1, t2]2 
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Fig. 1. Mean function and Covariance function (a = 4, σ = 1, T = 0.2M)
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4. Several markers : the “Interval Mapping‘’ of Lander and Botstein (1989)
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Fig. 2. Cumulative distribution function of the square of four different processes (T = 0.6M, 4 markers
equaly spaced every 0.2M)
πi = P (C = i) 4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6. Extension to several QTL
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7. Proofs
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∣∣X(t), X(tr), C = i
D +






















4   Pn  Qn    	  9C D 
   Pn Qn -	 	






{Sn(t, i)}2 + oPθa,t (1)
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 $  ∀t ∈ [t1, tK ]\Tk +






 α(t) = Q1,1t +Q
1,−1
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7.3. Proof of theorem 4
  H0 +
Λn(.) 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 	    

• mγ +  	    
 γ
τ = 1, ...,mγ  	  τ    
 γ







q1, ..., qm, µ, σ
)























  	   λ⊗N ⊗ ...⊗N  λ     N  	













































































D(t, t′) = r¯(t, t′) 1X(t)X(t′)=1 + r(t, t′) 1X(t)X(t′)=−1
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ϑ2, ϑ2)  ϑ2 ∈ R+
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Λn(t) = {Sn(t)}2 + oPθ0 (1)
 oPθ0,t
(1)    	 	 	  	 	 %	    	 
 t1  t

m    
  +
Λn(t) = {Sn(t)}2 + oPθ0,t (1)
- Qn  Pn 	 	  	  9C D 
 +
Λn(t) = {Sn(t)}2 + oPθ
a,t
(1)
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8. Appendix
8.1. Formula for E {p(t)p(t′)}
∀(t, t′) ∈]t1, t2[2 +























   		  t1  t2  		 	 	 !  /	 =!
8.2. Sketch of the proof of theorem 2
 t ∈ [t1, tK ]\Tk - t 
	 	  2)$ 
3 (t, tr) 	 1  /
	 0  	  	 + t1 	 t

 t2 	 t
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∣∣X(t), X(tr)} 4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 Q−1,−1t 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
 t ∈ [t1, tK ]\Tk  t  	 4 	 ∀(t, t′) ∈ [t1, tK ]\Tk × [t1, tK ]\Tk +
Γ(t, t′) =
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∀(t, t) ∈ [t1, tK ]\Tk × [t1, tK ]\Tk +
mt(t) =
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4 (t, t) ∈]t, tr[2  E [X(t) {2p(t)− 1}]    *	   	
 !@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 =! 	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6  (t, t) ∈ ]t, tr[ × [tr, tK ]\Tk +
E [X(t) {2p(t)− 1}]
















= r¯(t, t) r¯(t, tr) {1− 2r(tr, t)} + r¯(t, t) r(t, tr) {2r(tr, t)− 1}
+ r(t, t) r¯(t, tr) {1− 2r(tr, t)} + r(t, t) r(t, tr) {2r(tr , t)− 1}
= {1− 2r(t, tr)} {1− 2r(tr , t)} = e−2(t−t)
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	 	 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 (t, t) ∈ [tr, tK ]\Tk× ]t, tr[ +
E [X(t) {2p(t)− 1}] = {1− 2r(t, t)} {1− 2r(t, t)} = e−2(t−t)
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 t 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	 
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
3 +
E [X(t) {2p(t)− 1}] = e−2|t−t| ""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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 	 	 	 Sn(t) +
wSn(δ) = sup|t′−t|<δ |Sn(t′)− Sn(t)|  0 < δ  T
 D wkSn(δ)  	
 	 	 	 Sn(t) 	
   $ k  k+1
+
wkSn(δ) = sup|t′−t|<δ |Sn(t′ + tk)− Sn(t + tk)|  0 < δ  tk+1 − tk
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- wSn(δ)  w1Sn(δ) + ... + w
K−1
Sn







   	 	 7" 	 6


 !(((  
D

 /	   	 
	 	  	
	 	
     	 	 D	
 
  $ 	
 	  	 	
8.3. Linear interpoled process under Interval Mapping
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p(t) = 1X(t)=11X(tr)=1 +
tr − t
tr − t 1X(t)=11X(tr)=−1 +
t− t
tr − t 1X(t)=−11X(tr)=1
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8.4. Linear interpoled process and kriging process in presence of several families
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8.5. Comparison with Chang et al. (2009)
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r¯(t1, t2) (1− 2Q−1,−1t ) G1n(t) +
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r¯(t, tr) (2Q1,1t − 1) G1n(t) +
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